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Abstract
A new method for constructing reduced-order models

(ROM) of unsteady small-disturbance flows is presented.
The reduced-order models are constructed using basis vec-
tors determined from the proper orthogonal decomposi-
tion (POD) of an ensemble of small-disturbance frequency-
domain solutions. Each of the individual frequency-domain
solutions is computed using an efficient time-linearized
flow solver. We show that reduced-order models can be
constructed using just a handful of POD basis vectors, pro-
ducing low-order but highly accurate models of the un-
steady flow over a wide range of frequencies. In this paper,
we apply the POD/ROM technique to compute the unsteady
aerodynamic and aeroelastic behavior of an isolated tran-
sonic airfoil, and to a two-dimensional cascade of airfoils.

Nomenclature�
= matrix defining homogeneous part of discretized

aerodynamic operator�
= reduced-order form of

�
.�

= airfoil semi-chord�
= vector defining inhomogeneous part of

discretized aerodynamic operator�	��
���

= matrices relating airfoil motion � and �� to

�
� = airfoil chord�

= matrix relating small-disturbance solution � to
aerodynamic force ��� = specific internal energy� = vector of aerodynamic forces acting on airfoil��
��

= � and � flux vectors�
= cascade gap-to-chord ratio�
= airfoil typical section plunging degree of freedom��
= specific enthalpy� = vector of airfoil displacements�! 
= moment of inertia of airfoil section"
= identity matrix#
= $ %'&(
= number of cells in computational grid)
= number of POD vectors in reduced-order model
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/0 
= torsional stiffness of typical section/01
= bending stiffness of typical section2
= stiffness matrix of typical section model3
= sectional airfoil lift4 = mass of airfoil section5
= number of solution snapshots; also Mach number56 
= aerodynamic pitching moment7
= mass matrix of typical section model8
= number of degrees of freedom in CFD model9
= vector operator defined by small-disturbance

CFD model�: = static pressure� = vector containing small-disturbance
flow solution; = magnitude of Laplace variable <=

= vector containing steady flow solution>
= nonlinear vector operator defined by steady

CFD model< = Laplace variable, <@? #�AB  
= static imbalance of airfoil typical sectionC
= matrix containing solution snapshotsD
= time�E 
 �F = � and � -components of velocity�G = vector of unsteady nonlinear conservation

variablesG = vector of unsteady small-disturbance
conservation variablesH

= vector of steady conservation variablesI = POD eigenvector� 
 � = Cartesian coordinatesJ = airfoil typical section pitching degree of freedomK = ratio of specific heatsL
= angle made by Laplace variable < in complex

plane, <M? ;N�!OQPR
= cascade stagger angleS
= POD eigenvalueT = mass ratio, T ? 4VUXWZY\[ �^]!_`
= aerodynamic state variablea
= vector of aerodynamic state variablesb
= quantity extremized to find POD vectors�[ = static densityc = interblade phase angle of cascade vibrationd
= POD vectore
= matrix of POD vectorsA
= frequency

Subscriptsf
= freestream conditions
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I. Introduction
Unsteady aerodynamic theories and computational fluid

dynamic (CFD) models for the computation of unsteady
flows about airfoils, wings, and turbomachinery cascades
are quite complex, even for relatively simple flow models.
Furthermore, the forms of these analytical and computa-
tional flow models, most often cast in the time or frequency
domain, are not well suited for the direct computation of
aeroelastic stability – nor are they well suited for applica-
tions involving active control. Analytical models are usu-
ally formulated in the frequency domain for real frequen-
cies and, therefore, the aerodynamic transfer function is
not composed of simple poles and zeros. For example, the
Theodorsen function has a branch cut with a branch point
at the origin of the Laplace plane. Computational fluid dy-
namic models, on the other hand, may have many thousands
of degrees of freedom, making them unwieldy for aeroelas-
tic stability and control computations.

Investigators have developed a number of techniques to
reduce the complexity of unsteady aerodynamic models.
R. T. Jones [1] approximated indicial lift functions with
series of exponentials in time. Such series have particu-
larly simple Laplace transforms, i.e. rational polynomials
in the Laplace variable < , making them especially useful
for aeroelastic computations. Padé approximants are ra-
tional polynomials whose coefficients are found by least-
squares curve fitting the computed aerodynamic loads com-
puted over a range of frequencies. Vepa [2], Edwards [3],
and Karpel [4] developed various forms of the matrix Padé
approximant technique. This approach reduces the number
of so-called augmented states needed to model the various
unsteady aerodynamic transfer functions (lift due to pitch-
ing, pitching moment due to pitching, etc.) by requiring that
all the transfer functions share common poles.

Hall [5], Hall et al. [6], Florea & Hall [7], and Ro-
manowski & Dowell [8] have developed reduced-order un-
steady aerodynamic models of flows about airfoils, wings,
and turbomachinery cascades. Using this approach, the
dominant eigenvalues and eigenmodes of a time-domain or
frequency-domain CFD model of unsteady flow are com-
puted. The eigenmodes are then used as basis vectors for
the construction of reduced-order models. This eigenmode
reduction technique works well provided one or multiple
static corrections are applied to account for the eigenmodes
not retained in the reduced-order model. For a review of the
eigenmode reduction technique, see Dowell et al. [9]

More recently, a number of researchers have used the
proper orthogonal decomposition (POD) technique, also
known as Karhunen-Loève [10] expansions, to determine
and model coherent structures in turbulent flow fields. Lum-
ley [11] was the first to propose using proper orthogonal
decomposition to uncover coherent structures in turbulent
flow fields. Using this approach, one examines a series of
“snapshots” of experimental or computational data, each at
a different instant in time. These solution snapshots are
used to form a small eigenvalue problem that is solved to
determine a set of optimal basis functions for representing
the flow field. Other examples include work by Berkooz et
al. [12], Poje & Lumley [13], Sirovich [14, 15, 16], Moin
& Moser [17], Rempfer and Fasel [18, 19], and Deane et

al. [20]. A recently published book by Holmes et al. [21]
provides an overview of the POD method along with exten-
sive details of how the method has been used by researchers
to study a wide variety of fluids problems.

A number of researchers have used the time-domain POD
technique to construct reduced-order models (ROM) of un-
steady aerodynamic flows. Romanowski [22], for exam-
ple, has used the POD technique to create a reduced-order
aeroelastic model of a two-dimensional isolated airfoil,
including compressible aerodynamics. Romanowski has
shown that very accurate unsteady flow models can be con-
structed that reduce the number of degrees of freedom from
the thousands associated with the original CFD flow solver
to a few tens of degrees of freedom. Tang et al. [23] have
used the POD technique to create a reduced order model of
vortex shedding from a cylinder. They proposed that the
reduced-order model could then be used to design an active
control system to control the shedding.

Most of the previous work using proper orthogonal de-
composition has used data sampled from the time domain,
or from ensembles of steady data as in the case of graph-
ical feature recognition. Recently, however, Kim [24] has
developed a frequency domain form. Using this approach,
snapshots of the unsteady flow are computed at a number of
discrete frequencies rather than at discrete instants in time.
He applied the technique to two relatively simple dynamic
systems – a 12 degree-of-freedom mass-spring damper sys-
tem, and an incompressible three-dimensional vortex lattice
model of a rectangular wing.

In this paper, we develop a frequency-domain form of
the POD technique. Here, we use a time-linearized CFD
analysis to compute unsteady small-disturbance flow solu-
tions for vibrating airfoils in the frequency domain over a
range of frequencies. Basis vectors are then extracted from
this frequency-domain data set using the POD technique.
The resulting basis vectors are then used to construct low
degree of freedom reduced-order models of the unsteady
flow. Finally, the reduced-order aerodynamic model are
combined with a structural dynamic model resulting in a
compact, but accurate, flutter model. In this paper, we ap-
ply the technique to a two-dimensional transonic airfoil,
and also to a two-dimensional cascade of vibrating airfoils.
Although the results presented here are two-dimensional,
the method itself is general, and can be readily extended to
three-dimensional flow problems.

II. Theory
A. Steady and Small-Disturbance Unsteady Flow
Models

Although the proper orthogonal decomposition technique
may be applied to a wide range of linear and nonlinear flow
problems, in this paper we consider only small-disturbance
unsteady two-dimensional inviscid flows. Thus, we con-
sider the time-dependent two-dimensional Euler equations,
which may be expressed as

� �G
� D��

� � W �G _
� � �

� � W �G _
� � ?�� W & _
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where � and � are the Cartesian coordinates,
D

is time, and�G is the vector of conservation variables given by

�G W � 
 � 
 D _ ?
���� ��� �[�[ �E�[ �F�[ ��

� ������ W	� _
and

�[ ,
�E ,

�F , and
�� are the static density, � - and � -

components of velocity, and total specific energy, respec-
tively. The flux vectors

�
and

�
are given by

� W �G _ ?
���� ��� �[ �E�[ �E ] � �:�[ �E �F�[ �E ��

� ������ 
 � W �G _ ?
���� ��� �[ �F�[ �E �F�[ �F ] � �:�[ �F ��

� ������ W�
 _
where the specific enthalpy

��
is

�� ?
�[ �� � �:�[ W
� _

and, for a calorically perfect gas, the pressure
�: is given by

�: ? W K % & _�� �[ �� % �[ ��� �E ] � �F ]���� W	� _
In the present investigation, we are interested in small-

disturbance, harmonically varying unsteady flows about
some nonlinear mean operating condition. Thus, we as-
sume the conservative variables

�G may be expanded in a
perturbation series of the form�G W � 
 � 
 D _ ? H W � 
 � _ � G W � 
 � _ � O���� W�� _
where

H W � 
 � _ represents for a given problem the steady
background flow, which is also a solution to Eq. (1). Also,G W � 
 � _ is the complex amplitude of the small-disturbance
unsteady flow that arises from an external excitation with
frequency

A
.

Substituting Eq. (6) into the nonlinear Euler equations,
Eq. (1), and expanding the result in a perturbation series
in the small-disturbance quantities, one finds that to zeroth
order, the governing equations are given by

� � W H _
� � �

� � W H _
� � ?�� W�� _

This vector equation is just the steady Euler equations that
describes the steady background flow. The first-order equa-
tion describes the small-disturbance unsteady flow, and is
given by

#�A G �
�
� ��� � �� H G! � �� �"� � �� H G# ?�� W�$ _

where, for example,
� �
� H ?

� � W �G _
� �G %%%%�&')(+* W�, _

Equations (7) and (8) are solved sequentially, with bound-
ary conditions that depend on the particular physical prob-
lem to be solved.

B. Numerical Discretization Scheme
The starting point for the construction of a POD based

reduced order model is a conventional CFD scheme. In
this study, we use a time-linearized (i.e. frequency domain)
small-disturbance flow solver.

The steady and time-linearized flow equations are dis-
cretized on a computational mesh composed of quadrilat-
eral cells. At the center of the

#
th cell of the computational

grid, the estimate of the solution G is stored, and is denoted
by G O . The steady and unsteady solution for the entire com-
putational domain may be thought of as vectors of the form

� ?
����� ����
G 
G ]
...G.-

� �������� and
= ?

����� ����
H 
H ]

...H -
� �������� W &�/ _

where
(

is the total number of computational cells. Thus,
the total number of entries

8
in each of the two vectors in

Eq. (10) is
8 ? �10 (

.
Next, the steady and time-linearized Euler equations are

discretized. In this study, we use a second-order, explicit,
finite-volume Godunov [25] method using Roe’s[26] ap-
proximate Reimann solver with van Leer’s [27] technique
for preserving monotonicity and better than first-order accu-
racy. The resulting discretization of the steady Euler equa-
tions can be expressed as=3254 
 % =12 ? > W =12 _ W &�& _
where 6 is the iteration number. To solve for the steady
flow, the solution is advanced in time until a steady-state
solution is obtained.

Similarly, once the steady flow has been computed, the
time-linearized unsteady Euler equations are discretized
with the result

� 254 
 % � 2 ? 9 W � 287 = 
 A 
:9 _ W & � _
where

9
is a shorthand notation for the particular type of

external source of excitation. Note the boundary conditions
themselves may be functions of

A
. In other words, the un-

steady flow depends on the steady flow, the frequency of the
disturbance, and the type of excitation.

Although
9

is an operator for solving a time-linearized
system of equations,

9
is not – strictly speaking – a linear

operator because of the presence of inhomogeneous bound-
ary conditions (i.e.

9 W � _<;? � ). Nevertheless, the operator9
may be expressed as a linear system of equations of the

form 9 W � 7 A 
:9 _ ?>= � W A _@? � % � W A 
:9 _ ? � W & 
 _
where

�
is a large sparse matrix and

�
is a vector arising

from the imposition of unsteady inhomogeneous boundary
conditions.

For our discretization scheme, the matrix
�

and the vec-
tor

�
are first order in

A
. Thus, Eq. (13) has can be written

as = � �A?�B �DC � # A = � 
E?	B �DCM? � �
�
# A � 
 W & � _

where
� �

and
� 


are independent of the excitation fre-
quency

A
. For unsteady flows about isolated airfoils, the
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matrices
� �

and
� 


are purely real. For unsteady flows
about a cascade of airfoils, the matrices may be complex
due to the complex periodic boundary conditions used to
impose the the fixed interblade phase angle c of a travelling
wave disturbance.

In some instances, one would like to compute the homo-
geneous solutions of the discretized unsteady aerodynamic
model. Such would be the case, for example, if one wanted
to compute the onset of vortex shedding for an airfoil, or
rotating stall for a turbomachinery compressor. Setting the
right-hand side of Eq. (14) to zero, one obtains the eigen-
value problem = � ��?�B �DC � <�= � 
:?�B �DCM? � W & � _
where the eigenvalue <	? # A

will, in general, be complex,
as will the eigenvectors. For the isolated airfoil case, the
complex eigenvalues (and corresponding eigenvectors) will
appear in complex conjugate pairs. One should be careful
when interpreting the eigenvalues of the CFD model. Some
of the eigenvalues will be (nearly) equal to the eigenval-
ues of the physical system. Others, however, form a dis-
crete approximation of a branch cut in the Laplace plane
(see Hall [5]).

C. Definition of POD Basis Vectors
The idea behind the frequency-domain proper orthogonal

decomposition technique is a simple one. We first calculate
the small-disturbance response of the aerodynamic system
at
5

different combinations of frequency and excitation.
The solutions (also called “snapshots”) are denoted by ���
for 4 ? & 
 � 
 ����� 
�5 . These snapshots are then linearly
combined to form a smaller number of basis vectors

d � for/ ? & 
 � 
 ����� 
�) where
)�� 5

. In other words,

d � ? �	
� ( 
 � � F �� 
 / ? & 
 � 
 
 
 ����� 
Q) W & � _

where F �� is the contribution of the 4 th snapshot to the
/

th
basis vector. In matrix form, Eq. (16) is written as

d � ? C I � W & � _
where

C ?

�
� � �
� 
 � ] ����� � �� � �

��
W & $ _

and

I � ?
����� ����

F 
�F ]�
...F ��

� �������� W & , _
We assume here the vector I � has been suitably scaled so
that the vectors

d � are unit length. The vectors I � are se-
lected so that they lie along the principal axes of the space
spanned by

C
, that is, the quantity� C��'C I � � ] W�� / _

is extremized subject to the constraint that
d � is unit length.

Thus, introducing the Lagrange multiplier
S � , we find the

vector I � that makes
b

stationary, where
b ? I � C��'C C��'C I � % S � � I � C��'C I � % & � W�� & _

Taking the variation of
b

and setting the result to zero gives
C � C I � ? S � I � W��)� _

Equation (22) defines an eigenvalue problem for the eigen-
vectors I � and eigenvalues

S � . Those eigenvectors with the
largest values of

S � give the largest values of the quantity in
Eq. (19). Said another way, the snapshots ��� tend to lie in a
sub-space spanned by the basis vectors

d � with the largest
eigenvalues

S � .
D. Reduced-Order Aerodynamic Model

Having computed the POD basis vectors, we assume that
they will provide a useful basis for computing the unsteady
solution at some other frequency and/or external excitation
than was used to generate the original snapshots. Thus, we
let

�V?��	� ( 
 d � ` � W��5
 _
where

` � may be thought of as as an aerodynamic state vari-
able (sometimes referred to as an augmented aerodynamic
state in the Padé literature). In matrix form, Eq. (23) is
given by �V? e a W�� � _
where

e
is an

8 0 ) matrix whose
/

th column is simply
the basis vector

d � , and
a

is the vector of aerodynamic state
variables. Substitution of Eq. (24) into Eq. (13) gives

� e a ? � W��)� _
In practice, the matrix

�
is never actually computed. In-

stead, we compute the
/

th column of
� e

using the original
linearized flow solver itself. That is,

� d � ? 9 W d � _ % 9 W � _ W��5� _
Next, we project the error in Eq. (25) onto the space

spanned by the basis vectors to obtain
e � � e a ? � a ? e � � W�� � _

Finally, the matrix
�

is factored using LU decomposition,
and Eq. (27) is solved for the unknown aerodynamic state
variables

a
. This step is computationally very efficient be-

cause the reduced-order matrix
�

is quite small, sometimes
as small as 10 0 10, but rarely larger than 100 0 100.

The major expense in constructing the aerodynamic
reduced-order model is the computation of the snapshots;
the computational cost of finding the basis vectors and so-
lution to Eq. (27) is negligible by comparison.

The computational cost of computing even a few of the
eigenvalues of the full CFD model of the unsteady flow
(Eq. 15) can be quite large, especially for viscous and/or
three-dimensional flow models. An alternative is to com-
pute the eigenvalues with a Ritz approach, using the POD
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modes as basis vectors. Recalling that the matrix
�

is first
order in

A
, the homogeneous part of Eq. (27) may be written

as � � a
� < � 
 a ? � W��5$ _

where � � ? e � � � e 
 � 
 ? e � � 
 e W��5, _
Equation (28) may be used to determine the dominant
eigenvalues and eigenvectors of the full CFD model, but
Eq. (28) has many fewer degrees of freedom that the origi-
nal system, greatly reducing the computational cost.

E. Reduced-Order Aeroelastic Model
Having described the basic reduced-order modelling

technique, we next describe how to incorporate an aero-
dynamic reduced-order model into an aeroelastic model of
flutter. Consider a two degree-of-freedom structural dy-
namic model of a typical section. The governing equations
of motion are of the form

7��� � 2 � ? � W	
 / _
where

� ?
� �
J�� W	
 & _

and
�

and J are the plunging and pitching degrees of free-
dom of the typical section. Also,

7 ? � 4 B  B  �  � 
 2 ? � / 1 // /0 � 
 �@?
� % 35  �W	
 � _

where 4 ,
B  

, and
�  

are the mass, static imbalance, and
moment of inertia of the airfoil section measured about the
elastic axis,

/ 1
and

/  
are the bending and torsional spring

constants, and
3

and
5  

are the aerodynamic lift and mo-
ment produced by the motion of the airfoil.

Note that the aerodynamic force vector � is obtained from
integrals involving the pressure at the surface of the airfoil.
When discretized, these integrals may be expressed as

�M? � � W	
)
 _
where

�
is a sparse 2 0 8 matrix. Similarly, for the case

of airfoil vibration, the vector
�

on the right-hand side of
Eq. (14) can be expressed as

� ? � �
�
#�A � 
 ? � � � � #�A � 
 � W	
5� _

where now we have made the assumption that the airfoil
motion is harmonic in time, i.e. � ?�����
	�� W #�A D _ (

A
may

be complex). Putting together Eq. (14) and Eqs. (30)–(34),
and converting to first order in

A
(state-space form) gives
� � � % � � % � 


� �
"

% � 2
�

�� �� � �� 

�

� ��
�
#�A

� � 


� �
� % " �
� �

7
�� �� � �� 


�

� �� ? � W	
 � _

Equation (35) is a large sparse W 8 � � _ 0@W 8 � � _ generalized
eigenvalue problem that describes the aeroelastic stability
of the airfoil.

For large CFD models, finding the eigenvalues of Eq. (35)
is prohibitively expensive. To reduce the size of the model,
we again assume that the number of aerodynamic states can
be reduced using Eq. (24), so that
� � � e % � � % ��


� �
"

% � e 2
�

�� �� � a
� 

�

� ��
�
#�A

� � 
 e

� �
� % " �
� �

7
�� �� � a

� 

�

� �� ? � W	
)� _
Finally, projecting the error in the aerodynamic equations
onto the space spanned by the basis vectors gives
� � � % e � � � % e � � 


� �
"

% � e 2
�

�� �� � a
� 

�

� ��
�
# A

� � 


� �
� % " �
� �

7
�� �� � a

� 

�

� �� ? � W	
�� _
Equation (37) is the reduced-order aeroelastic model, which
is a generalized eigenvalue problem of size W ) � � _ 0 W ) �� _ , where

)�� 8
.

Equation (37) is similar in form to that obtained using
a matrix Padé approximant for the unsteady aerodynamics
(see e.g. Karpel [4]), and has some of the same advantages
of the Padé approach. Both methods produce low degree-
of-freedom models. Furthermore, both require the aero-
dynamic lift and moment transfer functions to share com-
mon eigenvalues (although the zeros are obviously differ-
ent). This is appealing because physically the poles should
be independent of the type of transfer function. However,
the present approach has several advantages over the matrix
Padé approximant method. The present method attempts to
compute the actual aerodynamic poles, or at least the poles
of a rational CFD model. The Padé approach, on the other
hand, selects pole locations by some form of curve fitting.
In fact, some Padé techniques can produce unstable aerody-
namic poles, even for stable aerodynamic systems.

III. Computational Results
A. Ames NACA 64A010 Airfoil

In this section, we present some typical two-dimensional
steady and unsteady small-disturbance flow solutions for a
simple model problem. The results presented are based on
a standard aeroelastic test case proposed by AGARD to test
the ability of computational methods to predict flutter of
aircraft wings [28]. The airfoil used closely approximates
a NACA 64A010 airfoil, but it is slightly asymmetric and
10.6 percent thick; this airfoil was experimentally studied
at NASA Ames Research Center. For the results presented
here, we used two computational grids, one fine grid con-
taining & �)$ 0 
 � computational cells, and one coarse grid
with 
�� 0 & � cells. The fine grid is shown in Figure 1.
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Figure 1: Computational grid for Ames NACA 64A010 air-
foil. Top: full grid. Bottom: grid near airfoil.

Shown in Fig. 2 are the computed steady pressure distri-
butions for several inflow Mach numbers at zero angle of
attack. These solutions were computed on the fine compu-
tational grid. Note that the solutions are slightly asymmet-
ric due to the slight asymmetry in the airfoil shape. As the
Mach number is increased, shocks form on the pressure and
suction surfaces of the airfoil; these shocks move aft as the
Mach number is increases. One observes that the solution is
somewhat “wavy” near the leading edge of the airfoil. The
authors believe this is a result of the coarse airfoil defini-
tion; only 96 surface points were provided in the original
AGARD report. The problem is accentuated by the use of
splines to interpolate the data when generating the compu-
tational grid.

Having computed the steady flow, we next consider the
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Figure 2: Steady surface pressure distributions for Ames
NACA 64A010 airfoil for several freestream Mach numbers.

case of unsteady flow about a single mean operating condi-
tion. To test the method, we computed the unsteady small-
disturbance solution on the coarse grid for a Mach number5

of 0.85 at 21 frequencies
A

equally spaced between 0.0
and 1.0, where here the frequency has been nondimension-
alized by � :�� UN[�� U � where � is the aerodynamic chord,: � is the freestream pressure, and [ � is the freestream
density. Because of the large computational cost of comput-
ing the eigenvalues of the complete CFD model, Eq. (15),
we use a coarse grid for the present examples. In later ex-
amples, we use a fine mesh to reduce truncation error as-
sociated with a coarse grid. At each frequency, two solu-
tions were computed, one for plunging motion of the airfoil
and one for pitching motion about a point one-half chord
upstream of the leading edge. The plunging motion solu-
tion at

A ? / is zero, and is thus discarded, resulting in
a total of 41 nontrivial solutions or snapshots. For nega-
tive frequencies, the small-disturbance solutions are simply
complex conjugates of the solutions at the corresponding
positive frequency. Thus, for no additional computational
effort, we may include an additional 40 snapshots into the
ensemble, i.e. for

A ? % / � / � 
 % / � &�/ 
 ����� 
 %'& � / , for a total
of 81 snapshots.

Having computed the snapshots, we next use the tech-
nique described in Section II.C to find the proper orthogo-
nal decomposition basis vectors. Figure 3 shows the eigen-
values

S
of the first 41 proper orthogonal decomposition

vectors. One sees the vast majority of the “energy” is con-
tained in the first 10 or so POD vectors, and the energy in
the modes beyond mode 15 is insignificant.

Next, the POD vectors were used to compute the eigen-
values and eigenmodes of the aerodynamic system using
the Ritz-like approach given by Eq. (28) in Section II.D.
For the first case, we retained all 81 POD vectors in the
analysis. The resulting eigenvalues are shown in Figure 4
along with the exact eigenvalues computed by solving the
generalized eigenvalue problem formed from the original
CFD model, Eq. (15). For the eigenvalues near the origin,
the reduced-order model eigenvalues and the exact eigen-
values agree almost exactly. For the remaining eigenvalues,
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Figure 3: Eigenvalues
S

of the first 41 proper orthogonal
decomposition vectors for small-disturbance flow about
Ames NACA 64A010 airfoil ( J � = 0, M = 0.85) computed on
coarse grid.

the agreement is not as good, although the qualitative shape
of the eigenvalue constellations are similar.

Next, we again computed the eigenvalues using the
reduced-order model, but in this case retained the first 41
POD modes. These results are plotted in Figure 5. In this
example, a few of the smallest eigenvalues are accurately
computed, but many more are not. Nevertheless, the quali-
tative shape of the eigenvalue constellations are again simi-
lar. Similarly, Fig. 6 shows the eigenvalues computed using
21 of 81 POD modes.

Next, we used the POD basis vectors to construct the
transfer function between the plunging and pitching mo-
tions of the airfoil and the resulting lift and moment. So,
for example, to compute the transfer function between the
pitching motion and lift, we prescribe a unit pitching motion
at a complex frequency

A
. This motion defines the vector

�
in Eq. (27). Equation (27) is then solved to determine

a
, the

amount of each POD vector present in the unsteady small-
disturbance solution. Then, using Eq. (24), the entire flow
field is reconstructed from the basis vectors. The unsteady
surface pressure is then integrated to obtain the unsteady
lift.

Shown in Figure 7 shows the transfer function for three
different values of

L
for a range of ; where < ? #�A ?; �
	�� W # L _ . Shown is the “exact” transfer function com-

puted using the small-disturbance CFD model, and also the
present reduced-order model using 21 of the possible 81
POD vectors. The present reduced-order model is seen to
be in excellent agreement with the full CFD model. A small
difference between the two solutions is observed for

L
=

120 � for values of ; above 0.2. Similarly, Fig. 8 shows the
transfer function for a reduced-order model using just 6 of
the possible 81 POD modes. Here the reduced-order model
does not agree as well with the exact solution. However,
the results are still quite acceptable for

L
= 90 � , especially

considering the small number of POD vectors retained in
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Figure 4: Eigenspectrum of small-disturbance flow about
Ames NACA 64A010 airfoil ( J � = 0, M = 0.85) computed on
coarse grid. POD/ROM results computed using 81 of 81
POD Modes).

the model.
Finally, by way of comparison, we plot in Fig. 9 the pitch

to lift transfer function computed using a classical Padé ap-
proximation. Here we have used the matrix Padé approx-
imant method described by Karpel [4]. The quality of the
Padé approximation is about as good as the present reduced-
order model using 6 POD vectors. However, the POD
model is more general. If the problem is altered slightly,
for example by changing the pitch axis, then new snapshots
are not required; one may simply reuse the original POD
vectors.

Next, we used the POD reduced-order modelling tech-
nique to compute the flutter boundary of the Ames NACA
64A010 airfoil. For this example, we used the fine com-
putational grid (128 0 32 cells). We then computed a num-
ber of snapshots at each Mach number of interest. At each
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Figure 5: Eigenspectrum of small-disturbance flow about
Ames NACA 64A010 airfoil ( J � = 0, M = 0.85) computed on
coarse grid. POD/ROM results computed using 41 of 81
POD Modes).
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Figure 6: Eigenspectrum of small-disturbance flow about
Ames NACA 64A010 airfoil ( J � = 0, M = 0.85) computed on
coarse grid. POD/ROM results computed using 21 of 81
POD Modes).

Mach number, we computed the response at 11 nondimen-
sional frequencies

A
equally spaced between 0.0 and 1.0.

At each frequency, two solutions were computed, one for
plunging motion and one for pitching motion. Again, not-
ing that the plunging motion solution is zero for zero fre-
quency and that solutions for negative frequencies are com-
plex conjugates of the solutions at positive frequencies, we
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Figure 7: Unsteady lift due to pitching motion of Ames
NACA 64A010 airfoil computed with 21 of 81 POD modes
( J � = 0, M = 0.85).
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Figure 8: Unsteady lift due to pitching motion of Ames
NACA 64A010 airfoil computed with 6 of 81 POD modes ( J �
= 0, M = 0.85).

obtain a total of 41 snapshots.
Figure 10 shows the root locus of the (aeroelastic) eigen-

values of the reduced-order aeroelastic model given by
Eq. (37) at several steady flow Mach numbers as the re-
duced velocity

� ?�� � UXW $ T A  �^_ is varied, where T is
the mass ratio,

�
is the semi-chord, and

A  ? � /  U 4 . As
the reduced velocity is increased, one of the eigenvalues be-
comes unstable (positive real part). At

5
= 0.80 and 0.85,

the mode which goes unstable as the reduced velocity is in-
creased is the predominately plunging mode. For

5
= 0.9,

the unstable mode is the pitching mode.
Figure 11 shows the reduced velocity at which one of the

two aeroelastic modes becomes neutrally stable as a func-
tion of Mach number. Shown are the results predicted us-
ing three reduced-order models, with 11, 21, and 41 POD
modes, respectively. All are in good agreement with one
another; the 21 and 41-mode models are virtually indis-
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Figure 10: Aeroelastic eigenvalues of Ames NACA 64A010 airfoil for various Mach numbers computed using reduced-
order models.
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Figure 9: Unsteady lift due to pitching motion of Ames
NACA 64A010 airfoil computed with matrix Padé approxi-
mant ( J � = 0, M = 0.85).

tinguishable. Also shown for comparison in Fig. 11 are
flutter speeds predicted using transonic small disturbance
(TSD) theories of Edwards [29] and Isogai [30], and the
time-linearized full potential theory of Ehlers & Weather-
ill [31]. The present method and the potential theories all
show the classic transonic dip in flutter speed, although the
rise in flutter speed after the dip occurs at a slightly lower
Mach number in the potential theories.
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Figure 11: Flutter speed of Ames NACA 64A010 airfoil
for various Mach numbers computed using reduced-order
models.

B. Turbomachinery Cascade Model Problem
The next case we consider is that of a cascade of flat-plate

two-dimensional airfoils with steady flow Mach number of
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Figure 12: Imaginary part of aerodynamic moment due
to pitching of cascadeof airfoils computed using White-
head’s [32] LINSUB analysis. M = 0.7, G = 1,

R
= 45 �

0.7. For this example, the gap-to-chord ratio
�

is 1.0, and
the stagger angle

R
is 45 � . Because the mass ratio T of tur-

bomachinery blading is very large, the flutter mechanism
is not usually the frequency-coalescence type observed in
aircraft wings. The unsteady aerodynamic forces do not
significantly alter the natural frequency or mode shape of
the airfoil’s vibration. However, the unsteady aerodynamic
forces can provide a small amount of positive or negative
aerodynamic damping. Whenever the aerodynamic damp-
ing is negative, the airfoil will flutter (in the absence of
structural damping). Shown in Fig. 12 is the imaginary
component of the unsteady aerodynamic moment due to
pitching as a function of interblade phase angle and re-
duced frequency

A � U � � computed using Whitehead’s [32]
semi-analytical analysis (LINSUB). The dark lines demark
the boundary between sub-resonant and super-resonant flow
conditions. Generally, the solution will change abruptly as
crosses these boundaries. Using Whitehead’s sign conven-
tion, whenever the imaginary part of the moment is posi-
tive, the aerodynamic damping is negative, and the cascade
will flutter. One observes that there is a range of interblade
phase angles between 0 � and 180 � for which the cascade
will flutter at low reduced frequencies (high reduced veloc-
ities).

Next, we constructed a reduced-order aerodynamic
model for this case using the POD technique applied to
a cascade version of the small-disturbance flow solver
described in Sec. II.B. We computed snapshots at a
combination of six reduced frequencies (

A � U � � ?/ � / 
 / � � 
 / � � 
 / � � 
 / � $ 
 & � / ) and six interblade phase angles
( c ? %'& $ / �


 %'& � / �

 % � / �


 / �

 � / �


 & � / � ) for a total of 36
snapshots. The POD modes of this set of solutions were
computed, and the dominant 18 modes were used to con-
struct a single reduced-order model valid over a range of
interblade phase angles and frequencies. The imaginary
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Figure 13: Imaginary part of aerodynamic moment due to
pitching of cascade of airfoils computed using POD/ROM
technique with 18 of 31 POD modes. M = 0.7, G = 1,

R
= 45 �

part of the unsteady pitching moment computed using this
approach is shown in Fig. 13, and is seen to be in good
agreement with the semi-analytical solution of Whitehead
shown in Fig. 12. The overall good agreement is especially
remarkable considering that only 18 aerodynamic state vari-
ables are required to model the unsteady flow over a signif-
icant range of interblade phase angles and reduced frequen-
cies.

IV. Summary and Discussion
In this paper, we have described a method for con-

structing low-order reduced-order models using the proper
orthogonal decomposition technique in conjunction with
a time-linearized (frequency-domain) flow solver. The
method has been applied to two model flow problems, i.e.,
unsteady transonic flow about an isolated airfoil, and sub-
sonic flow through a cascade of flat-plate airfoils. In both
cases, we were able to construct accurate low-order model
of the unsteady flow; typical reduced-order models require
on the order of 20 or fewer aerodynamic states. Addition-
ally, we have shown how to couple the reduced-order aero-
dynamic model to a structural dynamic model to obtain a
reduced-order aeroelastic model.

The major computational cost is the computation of
the unsteady small-disturbance solutions (snapshots) from
which the POD vectors are extracted. However, once the
POD vectors have been found, the cost of constructing and
solving the reduced-order model is negligible, allowing one
to quickly perform parametric studies. Additionally, un-
like a conventional V-g analysis, the resulting eigenvalues
are meaningful at all flow velocities above and below the
flutter velocity, i.e. for non-neutrally stable solutions. Fur-
thermore, the form of the resulting reduced-order model,
with its small number of degrees of freedom, is ideally
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suited for use in active control applications. While in the
present paper we have applied the technique to only two-
dimensional flows, the method is general, and is equally
applicable to three-dimensional unsteady aerodynamic and
aeroelastic problems.
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